Abstract. Let f ∈ Q(x) be a non-constant rational function. We consider "Waring's Problem for f (x)," i.e., whether every element of Q can be written as a bounded sum of elements of {f (a) | a ∈ Q}. For rational functions of degree 2, we give necessary and sufficient conditions. For higher degrees, we prove that every polynomial of odd degree and every odd Laurent polynomial satisfies Waring's Problem. We also consider the "Easier Waring's Problem": whether every element of Q can be represented as a bounded sum of elements of {±f (a) | a ∈ Q}.
Introduction
The classical Waring's Problem (WP) asks if, for every positive integer d, there exists N such that every natural number can be written as the sum of N dth powers of natural numbers. This was settled in the affirmative by Hilbert [H] . Shortly afterward, Erich Kamke [K] proved that for every polynomial f (x) ∈ Z[x] with positive leading coefficient there exists N such that every sufficiently large integer satisfying an obvious congruence condition (depending on f (x)) can be written as a sum of N values of the form f (x i ), where the x i are natural numbers.
In this paper, we propose to consider the analogous problem for rational functions. Since in this setting, we can in general only expect f (x i ) to belong to Q, we consider the question of whether every rational number, or every sufficiently positive rational number, can be written as a sum of values f (x i ),
In 1934, Edward Wright [W] introduced the Easier Waring's Problem (EWP): to represent an integer as a sum or difference of a fixed number of dth powers, i.e., as ±x d 1 ± x d 2 · · · ± x d N . We consider both the original WP and the EWP for rational functions. We give necessary and sufficient conditions for solubility of these problems, but these conditions are quite far apart. For most rational functions, we do not know whether either version of WP is soluble. This paper was written simultaneously with the paper [LN] of the second named author and Dong Quan Ngoc Nguyen on Waring's Problem for unipotent algebraic groups over number fields. Since a basic idea behind that paper is that the proper setting for Waring-type problems is polynomial-valued maps, the fact that one can prove such results for Laurent polynomials came as something of a surprise.
The second named author would like to acknowledge useful conversations with Nguyen related to the subject of this paper.
Generalities
Throughout this section, X denotes a subset of Q.
Definition 2.1. We say X is a base (resp. positive base, negative base, or open base) if for some positive integer N ,
Clearly, all of these properties are invariant under translation of X or multiplication of X by any positive rational scale factor. The following properties are also immediate: Lemma 2.2. For X ⊆ Q, we have (a) If X is a base, it is both a positive base and a negative base. The following lemma gives obvious obstructions to a set X being a base (or positive base, etc.) Lemma 2.3. For X ⊆ Q, we have (a) If X is a positive base, it cannot be bounded above. (b) If X is a negative base, it cannot be bounded below. (c) If X is a virtual base, it cannot be bounded. (d) If X is any kind of base, it cannot be p-adically bounded for any prime p.
If f (x) ∈ Q(x) is a rational function and F is any field of characteristic 0, we denote by f (F ) the set of values f (a) as a ranges over all elements of F which are not poles of f . Definition 2.4. We say f satisfies WP if f (Q) is a base. We say it satisfies the positive (resp. negative) WP if f (Q) is a positive (resp. negative) base. We say it satisfies the EWP if f (Q) is a virtual base.
Proposition 2.5. If f (x) ∈ Q(x) is a rational function then (a) For f to satisfy WP, it is necessary for it to have at least two distinct poles in RP 1 or one pole of odd order in
is an open base and f has at least one pole of odd order in RP 1 , then f satisfies WP. (c) For f to satisfy the EWP, it is necessary for f to have a pole in RP 1 (d) For f to satisfy the EWP, it is necessary that for each prime p, f has a pole in Q p P 1 .
Proof. Part (a) follows from parts (a) and (b) of Lemma 2.3. Parts (c) and (d) follow from parts (c) and (d) of Lemma 2.3 respectively. For part (b), we note that if f has at least one pole of odd order in RP 1 , then the closure of f (Q) contains a neighborhood of ∞ in RP 1 , i.e., contains all real numbers of absolute value > B for some B. If
The following proposition shows that the property of being a base is not affected by any finite subset of elements. Proof. Without loss of generality, we may assume Y = X ∪ {y}. Translating, we may assume y = 0. The non-trivial direction is that if Y is a base, the same is true for X. Let
As Y is a base, Y N = Q for some N > 0. Let x ∈ X be any non-zero element. For any positive integer m, −x/m ∈ Y N , so −x/m ∈ X i for some positive integer i ≤ N , and this implies 0 = x + m(−x/m) ∈ X 1+im . Letting M := 1 + im, and applying the same reasoning to −x/M ∈ Y N , we see that 0 ∈ X 1+jM for some positive integer j. The set of positive integers k such that 0 ∈ X k is a semigroup, and it contains the relatively prime elements M and 1 + jM , so it contains all integers ≥ K for some integer K. Thus,
) is a base if and only if f (F ) is a base.
Proof. As g(F )\F and F \g(F ) have at most one element each, the corollary follows immediately.
The EWP for Laurent polynomials in characteristic 0
Throughout this section, K will denote a field of characteristic 0. Our main result is the following theorem.
x is a non-constant Laurent polynomial, then there exists a positive integer N such that
In particular, f (x) satisfies the EWP.
In fact, we prove the following stronger result.
Theorem 3.2. Let S be a finite set of non-zero integers. Let K S denote the K-algebra of functions S → K and g S :
Then, there exists a positive integer N such that
We defer the proof of Theorem 3.2, starting instead with the following proposition:
Proposition 3.3. Theorem 3.2 implies Theorem 3.1.
x , let S denote the set of non-zero exponents of monomials occurring in f (x). As f (x) is not constant, S is non-empty. We write
where a 0 may be zero but a s = 0 for all s ∈ S.
If we assume that Theorem 3.2 is true for some positive integer N , then there exist x i , y j ∈ K * such that for all s ∈ S,
Thus, (1) follows from (2) and (3). This proves Theorem 3.1.
To prove Theorem 3.2, we need the following lemma.
Lemma 3.4. Following the notations in Theorem 3.2,
which is in X S 2kℓ .
Proof of Theorem 3.2. We use induction on |S|. If |S| = 1, i.e. S = {s}, s = 0, and {a s | a ∈ K * } = {a −s | a ∈ K * }, so without loss of generality we may assume s is a positive integer. Let δ denote the difference operator, so (δf )(x) = f (x + 1) − f (x). By induction on s, we see
Thus,
as long as x ∈ {0, −1, −2, . . . , 1 − s}. In particular, K \ Z ⊂ X S 2 s−2 . Since X S 1 is not contained in a single Z-coset of K (for instance, it contains 0 and 1 − (1/2) s ), it follows that
Suppose the claim of the theorem is true for some S, and let us prove it for S ∪ {t}. We know that for some N , contains all functions S ∪ {t} → K which vanish identically on S. Since
It therefore suffices to consider Case 2. Now X We set X S∪{t} := X S∪{t} N and write p S,t (resp. q S,t ) for the projection map p S,t N (resp. q S,t N ). By Lemma 3.4, X S∪{t} is closed under addition, subtraction and multiplication, i.e., it is a (possibly non-unital) ring. As we are in Case 2, p S,t is an isomorphism of non-unital rings, and it follows that X S∪{t} is a unital ring and p S,t is an isomorphism of unital rings. Now, q S,t : X S∪{t} → X {t} = K is a surjective non-unital homomorphism of rings and therefore a ring homomorphism. Composing it with the inverse of p S,t , we obtain a ring homomorphism φ : K S → K which expresses the value of f ∈ X S∪{t} at t in terms of the restriction of f to S. Letting e s denote the idempotent of K S which is 0 on S \ {s} and 1 on s, φ(e s ) ∈ {0, 1} for all s, and as φ maps the multiplicative identity s∈S e s to 1, it follows that φ(e s ) = 1 for some s ∈ S. This implies that φ(f ) = φ(f e s ) for all f ∈ K S , i.e., that the homomorphism φ factors through the projection K S → K given by evaluation at s. Thus, there exists an endomorphism ψ of K such that φ(f ) = ψ(f (s)), and X S∪{t} must consist of all functions f : S ∪ {t} → K such that f (t) = ψ(f (s)). This is absurd because, for instance, f := g S∪{t} (2) − g S∪{t} (1) ∈ X S∪{t} satisfies
This completes the proof. 
Waring's problem for polynomials over Q
The main result in this section is the following:
be a non-constant polynomial. If f is of odd degree, it satisfies WP. If f is of even degree, f (Q) is a positive base or a negative base, according to whether the leading coefficient of f is positive or negative.
We begin with the following lemma: = (a 1 , . . . , a m ) ∈ R m , and let F = (F 1 , . . . , F r ) denote an r-tuple of linear forms in x = (x 1 , . . . , x m ). For fixed a satisfying
is smooth at a forms a dense open subset of the variety A rm of r-tuples of linear forms in m variables.
Proof. By (4), without loss of generality we may assume that a 1 , . . . , a d are pairwise distinct. Thus the Vandermonde determinant
is non-zero, and 
has rank d. It follows that for a generic choice of r × m matrices b ij , the matrix 
has rank d + r. The proposition now follows from the Jacobian condition for smoothness.
Proof 
Let V c denote the fiber of V over c = (c 1 , . . . , c d ).
Using the Jacobian criterion for smoothness and the Vandermonde determinant as before, (X 0 : · · · : X m ) is a non-singular point of V c as long as there are at least d + 1 distinct values among X 0 , . . . , X m . Thus, for all c, the singular locus of V c has dimension at most d − 1, and (1 : a 1 : · · · : a m ) is a non-singular point of V b .
By Bertini's theorem as formulated by Zariski [Z] , the intersection of V c with a generic hyperplane G 1 = 0 in P m can be singular only at a subvariety of V c of dimension less than that of Sing(V c ). We may choose G 1 to have coefficients in Q since the rational hyperplanes are dense in the projective space of all real hyperplanes in the real topology and therefore in the Zariski topology. Iteratively choosing G 2 , . . . , G d generically, the intersection W c G of V c with the locus G is non-singular; the complement of X 0 = 0 is then given by the system of equations
. .
. . .
Applying Proposition 4.2 and the implicit function theorem, we conclude that there is a d-tuple G and a non-empty open set U ⊂ R d such that for all c ∈ U , W c G has a real point. If dim W c G = m−2d is large enough, by a theorem of Brauer [B] ,
is non-empty. By a theorem of Timothy Browning and Roger Heath-Brown [BH, Theorem 1.7] , this implies that
and it follows as in the proof of Proposition 2.5 that
) for some B, and it follows that f (Q) is a positive (resp. negative) base. Proof. Let g be a fractional linear transformation over Q mapping 0 and ∞ to the two poles of f . Then f (g(x)) is a rational function of degree two with poles 0 and ∞ and must therefore be of the form ax 2 +bx+c x . Let h(x) = f (g(x)) − b = ax + c/x. By Corollary 3.5, there exists N such that every rational number is a sum of N terms in h(Q). It follows that every rational number is a sum of N terms of f (g(x) ). Thus h(Q) is a base, and by Corollary 2.7, the same is true of f (Q).
For part (b), let g be a fractional linear transformation over Q mapping ∞ to the pole of f (which must be double). Then h(x) = f (g(x)) = ax 2 + bx+ c for some a, b, c ∈ Q. Rescaling and translating, we may assume h(x) is of the form x 2 + d. Now, h(Q) is bounded below, so h(Q) is not a base, and therefore that f (Q) is not a base. On the other hand, every value of h(Q) except d is achieved twice, so either f (Q) = h(Q) or f (Q) = h(Q) \ {d}. since every positive rational number is the sum of four squares of positive rationals, it follows that h(Q) + h(Q) + h(Q) + h(Q) contains all rational numbers in (4d, ∞).
For part (c), let K be the quadratic extension of Q generated by the poles of f . By Chebotarev density, there exists a prime p such that the prime p is inert in K and therefore f has no pole in K. Thus f (Q p ) is bounded, and by Lemma 2.3, f (Q) is not a virtual base.
